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Abstract

Direct numerical simulations are performed to investigate the
effect of the ambient turbulence on the evolution and instabil-
ity of a counter-rotating vortex pair. The external turbulence
is modelled as homogeneous isotropic turbulence with inten-
sity of 7%. The ambient turbulence alters the most amplified
mode from the short-wavelength elliptic to the long-wavelength
Crow mode. The Crow instability gives rise to the two-vortex
mutual interaction, resulting in the transformation of the vortex
pair into an array of vortex rings.

Introduction

A counter-rotating vortex pair is one of the fascinating flow
models for engineers and physicists due to its relevant to a wake
of an aircraft. Such wake vortices are large, long-lived and pos-
sess a strong circulation [12]. The occurrence of these wake
vortices can be hazardous to the following aircraft since it may
cause the loss of altitude. For a safety reason, the following air-
craft has to wait until the wake vortices disappear which may
result in the fight delay [3]. Thus, obtaining the better under-
standing of the dynamics of a counter-rotating vortex pair, es-
pecially in a realistic environment (e.g. stratified or turbulent
background), is important to predict the behaviour of the air-
craft wake vortices.

In a quiescent background, it is well known that the vortex
pair undergoes transition via two types of three-dimensional
instability, namely the short-wavelength elliptic and long-
wavelength Crow instabilities (see e.g. [6]). Both instabilities
develop in the same manner in which the vortex pair axially de-
forms into a sinusoidal shape but with different dominant wave-
length. When the Crow mode is dominant, the most amplified
wavelength is relatively long compared to the initial vortex sep-
aration distance (b0). The linear instability analysis of Crow
[2] predicted that the most amplified wavelength is 8.6b0, while
the flight tests of Chevalier [1] found that the most amplified
wavelength varies from 5b0 to 10b0 in weak atmospheric turbu-
lence. The Crow instability results in the vortex reconnection
that leads to the occurrence of a chain of vortex rings. These
large-scale vortical structures can persist for very long times.
On the other hand, the elliptic instability causes the vortex pair
to distort with very short wavelength of about b0 [7, 5, 9]. The
elliptic mode also induces the appearance of the transverse sec-
ondary vortex, which results in the fast breakdown to turbulence
and the rapid decay of the vortex pair.

In a realistic environment, the vortex pair can be interacted
with and affected by various backgrounds in which it can ex-
ist (e.g. rotating, stably stratified or turbulent background). In a
weakly to moderately stably stratified fluid (∞≥ Fr ≥ 2, where
Fr being the Froude number), the stratification may reduce the
vortex separation distance without changing the type of the in-
stability. This leads to the earlier transition and higher growth
rate [9]. The elliptic mode may be altered to the Crow mode
when the stratification is strong (Fr < 2) [11]. The effect of the
ambient turbulence seems to be more pronounced than that of
the stratification. The earlier onset and the reconnection process
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Figure 1. Schematic of the counter-rotating vortex.

are observed when the vortex pair is influenced by the external
turbulence. Additionally, the decay rate of the vortex pair was
found to increase [11].

The aim of this work is to study the evolution of the vortex pair
subject to external turbulence in the background. The focus is
on how the ambient turbulence affects the instabilities of the
vortex pair, the most amplified mode and its growth rate. Two
cases, namely the vortex pair in a quiescent fluid and in ambient
turbulence with intensity of 7%, are investigated.

Numerical Approach

In this study, we consider a counter-rotating vortex pair of core
radius a and separation distance b, with circulation Γ and de-
scent velocity W =Γ/2πb. The vortex pair propagates along the
x-direction of the Cartesian coordinate xi = (x,y,z) whose cor-
responding velocity is ui = (u,v,w) (see figure 1). The vortex
pair is generated in such a way that the initial centre of each vor-
tex is located at (y1,z1) and (y2,z2). The equations governing
the flow are the continuity and incompressible Navier–Stokes
equation written in tensor notation as,
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where t denotes time, p is the pressure, ρ and ν are respec-
tively the fluid density and kinematic viscosity. The second-
order explicit Adams–Bashforth scheme is used for the tempo-
ral integration, while the spatial derivatives are performed on
a staggered grid using a second-order central finite-difference
scheme. The divergence-free condition is obtained via a stan-
dard pressure-projection method. A multigrid method is em-
ployed to solve the resulting Poisson equation for the pressure.
The simulations of the vortex pair in a quiescent and turbu-
lent background are conducted in a triply periodic box of size
6π× 2π× 6π with the grid resolution of 384× 128× 384. It
should be noted that the domain length in the axial direction (x)
is long enough to represent the characteristic of the Crow insta-
bility, while that in the transverse direction (z) is sufficient large
that the effect of periodicity is negligible. The height of the
computational domain is chosen in such a way that it can accu-
mulate the whole breakdown process of the vortex pair before
it reaches the bottom of the domain. The time step used in this
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Figure 2. Three-dimensional energy spectrum normalised in Kol-
mogorov variables: Present, Reλ = 11.65; ◦Mansour & Wray
[8], Reλ = 15.7.

work is ∆T = 2.5×10−3, that provides the maximum Courant–
Friedrichs–Lewy (CFL) number, based on the local maximum
velocity and grid size, always less than 0.25.

Counter-Rotating Vortex Pair

The Lamb–Oseen vortex is used to represent the counter-
rotating vortex pair as in the previous numerical works [5, 9]
since it fits well with the experiment about the instabilities of
the vortex pair of Leweke & Williamson [7]. The axial vorticity
distribution (ωx) is defined as,
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where the subscript 0 indicates the initial value. The initial vor-
tex aspect ratio a0/b0 = 0.177 and the circulation Reynolds
number ReΓ = Γ0/ν = 2400 are chosen to be close to the ex-
periment [7]. To allow the three-dimensional instabilities de-
velop naturally, we follow Orlandi et al. [10] by introducing the
random perturbation of the velocity field with the amplitude of
0.027W0 to the region of the vortex core.

Vortex Pair in Ambient Turbulence

In the present study, the ambient turbulence is modelled as the
homogeneous isotropic turbulence (HIT). To obtain the desired
turbulence intensity Tu = u′/W0 = 7% (u′ being the streamwise
velocity fluctuation) the pre-simulation of the decaying HIT is
conducted. Note that the turbulence intensity considered in this
work is moderate compared to the atmospheric ambient turbu-
lence [13]. For this pre-simulation, the initial solenoidal veloc-
ity field is generated in the spectral space satisfying the follow-
ing spectrum
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where σ = 4, κp = 9, q2 = 3 and κ = (κiκi)
1/2 is the wavenum-

ber magnitude. The pre-simulation of the ambient turbulence
is allowed to evolve as a decaying HIT until the desired tur-
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Figure 3. History of rate of change of volume-integrated kinetic en-
ergy, −dK/dt ( ), and volume-integrated rate of kinetic energy
dissipation, εK ( ), for Tu = 0 (blue) and Tu = 7% (green).

bulence intensity is achieved. At Tu = 7%, the microscale
Reynolds number Reλ = u′λ/ν is about 11.65 (λ being the Tay-
lor microscale), while the streamwise integral length scale L11
is about 0.74. Figure 2 shows that the three-dimensional en-
ergy spectrum at this turbulence intensity agrees reasonably
well with that of Mansour & Wray [8] at Reλ = 15.7 except
in the region of large scales due to the discrepancy in the mi-
croscale Reynolds number. The external turbulent field is then
superimposed onto the outer region of the vortex pair.

Results

In this section, the results from direct numerical simulation
(DNS) of the vortex pair in the quiescent and turbulent back-
grounds are presented. First, the check of the adequacy of the
grid resolution used is performed. Then, the effect of back-
ground turbulence on the instability of the vortex pair is anal-
ysed.

Resolution Check

The adequacy of the grid resolution used can be verified by
comparing the balance of the volume-integrated instantaneous
kinetic energy K equation written as

dK
dt

=−εK , (6)

where εK is the volume-integrated rate of kinetic energy dissipa-
tion. The history of−dK/dt and the dissipation rate is displayed
in figure 3. Reasonable accuracy with the maximum difference
of about 8% is obtained for both cases. The maximum discrep-
ancy occurs at the dissipation and enstrophy peak, resulted from
the stretching of the vortex filaments to fine scale during the
transition process of the vortex pair. The plot of dK/dt also in-
dicates that the ambient turbulence makes the instability of the
vortex pair develop earlier.

Flow Visualisation

The evolution of the three-dimensional instabilities of the vor-
tex pair is visualised by means of the isosurfaces of the sec-
ond invariant of the velocity gradient tensor Q = −0.5ui, ju j,i
(for details see [4]), as shown in figures 4 and 5. For the vor-
tex pair in a quiescent background, it can be clearly seen from
figure 4(a) that the short-wavelength instability develops. This
instability leads to the distortion of the vortex pair into a sinu-
soidal shape with the wavenlength of about unity (correspond-
ing to the wavenumber of about 6). With time, the transverse
secondary vortex develops, as displayed in figure 4(b). The sec-
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Figure 4. The coherent structures of the vortex pair in a quiescent back-
ground visualised by the isosurfaces of Q, coloured by ωx, at (a) t = 13,
(b) t = 16 and (c) t = 19.

ondary vortex accelerates the breakdown process by stretching
the vortex pair along the axial direction leading to small-scale
structures. Later, the turbulent vortex pair rapidly decays and
disappears without the formation of a large-scale coherent struc-
ture (e.g. a vortex ring), as illustrated in figure 4(c).

Once the vortex pair is embedded in the moderate ambient tur-
bulence (Tu = 7%), both the short- and long-wavelength insta-
bilities seem to develop simultaneously (figure 5a). However,
since the long-wavelength Crow mode dominates the flow (see
the next subsection below), it brings the vortices close together
causing the mutual interaction of the two vortices, as depicted
in figure 5(b). At the locations of each mutual interaction, each
vortex disconnects from the axial vortex and then reconnects
with each other transforming the vortex pair into a series of vor-
tex rings (figure 5c).

Spectral Analysis

To investigate the evolution of the energy spectrum of each
axial mode, a Fourier transform in the streamwise direction
is performed. The axial wavenumber is κx = 2πm/Lx (where
m = 1, . . . ,nx/2) and the corresponding wavelength is λx =
2π/κx. Figure 6 displays the axial modal kinetic energies at
some selected times, while the evolution of the most amplified
wavenumber is plotted in figure 7. In a quiescent background
(figure 6a), the energy of each axial wavenumber is approxi-
mately the same at the beginning (t = 0). This confirms that
the magnitude of the random perturbation used is high enough
to prevent the effect of the numerical error that excites only
some particular modes. With time, the energy of each mode
increases individually with different growth rates, resulting in
different levels of energy during the breakdown process start-
ing at t ≈ 13. The mode that has the highest energy during
this period is κx = 6.33, with the corresponding wavelength
λx = 0.99. The evolution of this mode is illustrated in figure 7a.
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Figure 5. The coherent structures of the vortex pair in ambient turbu-
lence with Tu = 7% visualised by the isosurfaces of Q, coloured by ωx,
at (a) t = 3.5, (b) t = 5 and (c) t = 10.

The growth rate of this mode during the linear instability phase
is α= 0.5d(lnE∗)/dt = 0.84. The values of the wavelength and
growth rate found in this work agree reasonably well with those
reported in the experiment [7] (λx = 0.77, α = 0.94±0.12) and
DNS simulations of Laporte & Corjon [5] (λx = 0.85± 0.05,
α = 0.96±0.3) and Nomura et al. [9] (λx = 1.0, α = 0.83).

In a turbulent ambient, the energy spectrum at t = 0 is consistent
with the Kolmogorov turbulence cascade, showing the transfer
of energy from larger scales to smaller scales (figure 6b). Al-
though the energy of each mode increases with different growth
rates similar to the vortex pair in a quiescent background, the
external turbulence alters the most amplified wavenumber to
κx = 1.0, with the growth rate of 0.28 (figure 7b). It is of inter-
est to note that the most dominant elliptic mode is still κx = 6.3
during the linear instability phase (i.e. at t = 3.5). Although the
most amplified wavelength (λx = 6.28) agrees very well with
the Crow mode of Laporte & Corjon [5], the growth rate found
in this work is about 2.5 times lower. This happens presumably
because the initial energy of the vortex pair in the external tur-
bulence is much higher (about 6× 105 times) than that in the
quiescent background. If we further assume that the time spent
during the transition process and the maximum energy that the
flow can contain are independent of the initial energy, it can
be implied that the growth rate of the Crow mode depends on
the initial energy (in other words depending on the level of the
turbulence intensity). Simulations with various levels of turbu-
lence intensity are needed in order to support this assumption.

Conclusions

The effect of the ambient turbulence with the intensity of 7% on
the three-dimensional instabilities of a counter-rotating vortex
pair is investigated via the use of direct numerical simulation. It
is found that the external turbulence causes the earlier onset of
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Figure 6. Axial modal energies for (a) Tu = 0 at t = 0, 5, 9, 13, 22
and (b) Tu = 7% at t = 0, 3.5, 5, 10, 22. Symbols �, ◦, �, 4 and ?
correspond to each time in ascending order.

the transition. Additionally, the most amplified mode of the vor-
tex pair is altered from the elliptic mode (κx = 6.33 for Tu = 0)
to the Crow mode (κx = 1.0 for Tu = 7%). The breakdown due
to the Crow mode introduces the mutual interaction of the two
vortices, which leads to the reconnection of the vortex pair. This
results in the appearance of a chain of vortex rings. In future
work, the influence of various levels of turbulence intensity on
the short-and long-wavelength instabilities will be investigated.
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